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A functional-analytic theory of vertex 
(operator) algebras, I 

Yi-Zhi Huang 


Abstract 

This paper is the first in a series of papers developing a functional- 
analytic theory of vertex (operator) algebras and their representations. 
For an arbitrary Z-graded finitely-generated vertex algebra (F, T, 1 ) 
satisfying the standard grading-restriction axioms, a locally convex 
topological completion H of V is constructed. By the geometric in¬ 
terpretation of vertex (operator) algebras, there is a canonical linear 
map from V to F (the algebraic completion of F) realizing lin¬ 
early the conformal equivalence class of a genus-zero Riemann sur¬ 
face with analytically parametrized boundary obtained by deleting 
two ordered disjoint disks from the unit disk and by giving the obvi¬ 
ous parametrizations to the boundary components. We extend such a 
linear map to a linear map from H®H ((§) being the completed ten¬ 
sor product) to and prove the continuity of the extension. For any 
finitely-generated C-graded F-module (W, Yw) satisfying the standard 
grading-restriction axioms, the same method also gives a topologi¬ 
cal completion of W and gives the continuous extensions from 
to of the linear maps from V 'S>W to IF realizing linearly 
the above conformal equivalence classes of the genus-zero Riemann 
surfaces with analytically parametrized boundaries. 


0 Introduction 


We begin a systematic study of the functional-analytic structure of vertex 
(operator) algebras and their representations in this paper. 

Vertex (operator) algebras were introduced rigorously in mathematics 
by Borcherds and by Frenkel, Lepowsky and Meurman (see 0, |[FLM|| and 
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FHT] 


Incorporating modules and intertwining operators, the author in- 

H 


troduced intertwining operator algebras in 


The original dehnition of 


vertex (operator) algebra is purely algebraic, but a geometric interpretation 
of vertex operators motivated by the path integral picture in string theory 
was soon observed mathematically by Frenkel 0. In [|Hl|] - [p^ , the author 


developed a geometric theory of vertex operator algebras and intertwining 
operator algebras; the hard parts deal with the Virasoro algebra, the central 
charge, the interaction between the Virasoro algebra and vertex operators 
(or intertwining operators), and the monodromies. But in this geometric 
theory, the linear maps associated to elements of certain moduli spaces of 
punctured spheres with local coordinates (or to elements of the vector bun¬ 
dles forming partial operads called “genus-zero modular functors” over these 
moduli spaces) are from the tensor powers of a vertex operator algebra (or 
an intertwining operator algebra) to the algebraic completion of the algebra. 

To be more specihc, let (V, V, 1) be a Z-graded vertex algebra. For any 
nonzero complex number 2 ;, let P{z) be the the conformal equivalence class 
of the sphere CU {cxo} with the negatively oriented puncture 00 , the ordered 
positively oriented 2 ; and 0, and with the standard local coordinates. Then 
associated to P{z) is the linear map Y{■, z)- : V^ V given by the vertex 
operator map. Note that the image is in the algebraic completion V of V, 
not V itself. 

One of the main goals of the theory of vertex operator algebras is to 


construct conformal held theories in the sense of Segal 


from vertex 


operator algebras and their representations, and to study geometry using the 
theory of vertex operator algebras. It is therefore necessary to construct lo¬ 
cally convex topological completions of the underlying vector spaces of vertex 
(operator) algebras and their modules, such that associated to any Riemann 
surface with boundary, one can construct continuous linear maps between the 
tensor powers of these completions. In particular, it is necessary to construct 
a locally convex completion H of the underlying vector space V of a vertex 
algebra (V, V, 1) such that associated to the conformal equivalence class of a 
disk with two smaller ordered disks deleted and with the obvious boundary 
parametrization, there is a canonical continuous map from H®H ((§) being 
the completed tensor product) to H. Though in some algebraic applications 
of conformal held theories, only the algebraic structure of conformal held 
theories is needed, in many geometric applications, it is necessary to have a 
complete locally convex topological space and continuous linear maps, asso¬ 
ciated to Riemann surfaces with boundaries, between tensor powers of the 
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space. 

In the present paper (Part I), we construct a locally convex completion H 
of an arbitrary finitely-generated Z-graded vertex algebra (Id, Y, 1) satisfying 
the standard grading-restriction axioms. The completion H is the strict 
inductive limit of a sequence of complete locally convex spaces constructed 
from the correlation functions of the generators. The strong topology, rather 
than the weak-* topology, on the topological dual spaces of certain function 
spaces is needed in the construction. For any positive number ri, r 2 and 
nonzero complex number z satisfying r 2 + 2ri < 1 and r 2 < \z\ < 1, there is a 
unique genus-zero Riemann surface with analytically parametrized boundary 
given by deleting two ordered disjoint disks, the hrst centered at z with radius 
Ti and the second centered at 0 with radius r 2 , from the unit disk and by 
giving the obvious parametrizations to the boundary components. Associated 
to this genus-zero Riemann surface with analytically parametrized boundary 
is a linear map Y (rf*'°^-, z)r 2 ^^^ -.V®V^V. We extend this linear map to 
a linear map from H®H (® being the completed tensor product) to iP, and 
prove the continuity of the extension. It is clear that H is linearly isomorphic 
to a subspace of V containing both V and the image of Yz)r 2 ^^\ 

For any hnitely-generated C-graded module (IF, Yw) satisfying the stan¬ 
dard grading-restriction axioms for such a hnitely-generated vertex algebra, 
we also construct a locally convex completion of IF, and construct con¬ 
tinuous extensions from H®H^ to of the linear map z)r 2 ^^^ : 

F (g) IF ^ IF. 


Our method depends only on the axiomatic properties or “world-sheet 
geometry” (mainly the duality properties) of the vertex algebra. Since our 
construction does not use any additional structure, we expect that the locally 
convex completions constructed in the present paper will be useful in solving 
purely algebraic problems in the representation theory of hnitely-generated 
vertex (operator) algebras. 

This paper is organized as follows: In Section 2, we construct a locally 
convex completion H of a hnitely-generated Z-graded vertex algebra (F, Y, 1) 
satisfying the standard grading-restriction axioms. In Section 3, we extend 
F (g) F —> F to continuous linear maps from H®H to H. 


Y{vi-, ;2)r2 ® 


In Section 4, we present the corresponding results for modules. 

In this paper, we assume that the reader is familiar with the basic dehni- 
tions and results in the theory of vertex algebras. The material in 

wm 


FLM 


and 


should be enough. We also assume that the reader is familiar 


with the basic dehnitions, constructions and results in the theory of locally 
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convex topological vector spaces. The reader can find this material in, for 
example, ||K1|| and ||K2| . 


We shall denote the set of integers, the set of real numbers and the set of 
complex numbers by the usual notations Z, R and C, respectively. We shall 
use i,j,k,l,m,n,p,q to denote integers. In particular, when we write, say, 
k > 0 (or /c > 0), we mean that fc is a positive integer (or a nonnegative 
integer). For a graded vector space V, we use W, V* and V to denote 
the graded dual space, the dual space and the algebraic completion of V, 
respectively. For a topological vector space E, we use E* to denote the 
topological dual space of E. The symbol ® always denotes the vector space 
tensor product. The bifunctor given by completing the vector space tensor 
product of two topological vector spaces with the tensor product topology is 
denoted by 


Acknowledgment This research is supported in part by by NSF grant 
DMS-9622961. 


1 A locally convex completion of a finitely- 
generated vertex algebra 

In this section, we use “correlation functions” to construct the locally convex 
completion of a finitely-generated vertex algebra. 

For any fc > 0, let be the space of rational functions in the complex 
variables zi,..., Zk with the only possible poles Zi = Zj for i ^ j and Zi = 0,oo 
{ij = l,...,k). Let 

= {(zi ,... ,Zk) e & \ Zi ^ Zj for i ^ j;zi ^ 0 {i,j = 1,..., k)} 
and let be a sequence of compact subsets of satisfying 

cA^i, n>0, 

and 

= \J 

n>0 

For any n > 0, we define a map || • \\R^,n ■ Rk [0, oo) by 

||/||Rfc,n= max \f{zi,...,Zk)\ 

(zi,...,Zk)£Kr 
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for f G Rk. Then it is clear that || ■ is a norm on Using this 

sequence of norms, we obtain a locally convex topology on R^.. Note that 
a sequence in Rk is convergent if and only if this sequence of functions is 
uniformly convergent on any compact subset of Clearly, this topology 
is independent of the choice of the sequence {K^^n>o- 

Let U be a Z-graded vertex algebra satisfying the standard grading- 
restriction axioms, that is, 

dim V(„) < cx) 

for n G Z and 

V{n) = 0 

for n sufficiently small. By the duality properties of V, for any v' G V', any 
ui,... ,Uk,v e V, 

(v',Y(ui,Zi) ■ ■■Y(uk,Zk)v} 

is absolutely convergent in the region \zi\ > ■■■ > \zk\ > 0 and can be 
analytically extended to an element 


R{{v’, Y (mi, Zi)---Y (tifc, Zk)v)) 


of Rk- 

For any Mi, ..., Uk, v E V and any {zi, ... ,Zk) G M^, we have an element 
Q{ui, ...,Uk,v;zi,...,Zk)eV 


defined by 


(U, Q{zi, ...,Zk,v,zi,..., Zk)) = R{{v', Y (til, Zi)---Y {uk, Zk)v)) 


for v' G V'. We denote the projections from V to V^n), n G +Z, by Pn- Let 
G be the subspace of V* consisting of linear functionals A on U such that for 
any k > 0, Ui,..., Uk, v E V, 

\{Pn{Q{Ul, ...,Uk,V;Zi,..., Zk))) (1.1) 

is absolutely convergent for any zi,..., in the region 

M’^, = {{z,,...,Zk)EM’^\\z,\,...,\zk\<l}. 
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The dual pair {V* ,V) of vector spaces gives V* a locally convex topology. 
With the topology induced from the one onV*,G is also a locally convex 
space. Note that V is a subspace of G. 

For any /c > 0, A G G, Ui,..., Uk, v ^ V, both (|1.1|) and 

0 

...,Uk,V,Zi,..., Zk))) 

nez 

= A(Pn(Q(^(-l)Mi, ...,Uk,v;zi,..., Zk))) 

nGZ 

are absolutely convergent in the region Thus (|1 . 1|) is analytic in zi 

when [zi,... ,Zk) is in Similarly, ( |L1D is analytic in Zi for i = 2,k 

when (zi ,... ,Zk) is in So (^) defines an analytic function on 

and we denote it by 

5'fc(A ui ® ® Uk ® v) 


since (|1 . 1|) is multilinear in A, Mi, ... ,Uk and v. These functions span a vector 
space Fk of analytic functions on So we obtain a linear map 

Fix a sequence {Jn'‘}n>o of compact subsets of such that 

n>0, 


and 

U J<‘' = 

n>0 

As in the case of Rk, using these compact subsets, we dehne a sequence of 
norms || ■ \\Fk,n on Fk, and these norms give a locally convex topology on Fk- 
There is also an embedding from Fk to F^+i dehned as follows: We 
use {zq, ..., Zk) instead of (^i,..., 2 :^+ 1 ) to denote the elements of For 

A G G, Ml,..., Uk, V eV , since 




for any nonzero complex number z, 


5(fc+i(A 0 1 ® Ml ® ® Mfc ® n) 
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as a function of zq, Zk is in fact independent of Zq, and is equal to 

5'fc(A ® ui ® ® Uk ® v) 

as a function in zi,..., Zk- Thus we obtain a well-defined linear map 

: Fk Tfc+i 


such that 

where 


is dehned by 


° 9k — 9k+l ° 0A: 

(j)k-G® ^ G (g) ■i/®(^+2) 


0fc(A = A(g)l(g)ni(g)---(g)nA:®'y 

for A G G, Ml,... ,Uk,v G It is clear that is injective. Thus we can 
regard Fk as a subspace of Fk+i. Moreover, we have: 


Proposition 1.1 For any k >f), as a map from Fk to ip^{Fk) is contin¬ 
uous and open. In other words, the topology on Fk is induced from that on 

Fk+i- 


Proof. We consider the two topologies on Fk, one is the topology dehned 
above for Fk and the other induced from the topology on Ffc+i- We need only 
prove that for any n > 0, (i) the norm || ■ \\pf.,n is continuous in the topology 
induced from the one on Ffc+i, and (ii) the restriction of the norm || ■ ||Ffc+i,n 
to Fk is continuous in the topology on Fk. 

Let {fa}aeA be a net in Fk convergent in the topology induced from 
the one on Ffc+i- Then {fa}a£A, when viewed as a net of functions in 
zo, zi,..., Zk, is convergent uniformly on any compact subset of Since 

fa, a G A, are independent of Zq, {fa}aeA is in fact convergent uniformly 
on any compact subset of , proving (i). Now let {fa}aeA be a net in Fk 
convergent in the topology on Fk. Then {fa}a£A is convergent nniformly on 
any compact subset of M^. If we view fa, (a E A, ns functions on C x M^, 
then the net {fa}a£A is convergent nniformly on any subset of of the 

form Cx K where is a compact subset of But any compact subset of 
jg contained in a subset of the form C x K. So {fa}aeA is convergent 
nniformly on any compact snbset of proving (ii). □ 
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, fc > 0, of Ffc with the strong 


We equip the topological dual space 
topology, that is, the topology of uniform convergence on all the weakly 
bounded subsets of Fk (see page 256 of ||K1||). Then F^ is a locally convex 


space. In fact, F^ is a (DF)-space (see page 396 of |[K1|| ). 

For any A G G and u &V, let Y’_i(m)A G G be dehned by 


(y_i(M)A)(n) = A((Res3;X ^y(M,a:))n) 


for V G V. (Note that ReSa:a;“^F(«, x) is m_i in the usual notation. So we 
could denote F1 i(m) by m_i. Here we use the notation F1 i(m) to avoid the 
possible confusion with the notations Uq, Ui,... for elements in V used later.) 
For k > 0, we dehne a linear map 


7fc : Fk+i Fk 


by 


7fc(5'fc+i(-^ ®Uo®Ui®---®Uk®v)) 

= gk{Y_i{uQ)X) ®ui®---®Uk®v) 

for A G G, Mo, Ml,..., n G R. 

Proposition 1.2 The map 'jk is continuous and satisfies 

Ik o iPk = IPk (1-2) 


where Ipf, is the identity map on F^. 


Proof. We use {zq, ... ,Zk) instead of ( 2 : 1 ,..., Zk+i) to denote the elements 
of . From the dehnition, we see that for any positive number e < 1, 
when | 2 ;i|,..., \zk\ < e. 


7fc(5'fc+i(A ®uo®ui®---®ui®v)) 


2 P\/ — \ J\Zq\=: 


f ZQ^gk+i{X®uo®ui®---®Uk®v)dzo 


for A G G, Mo,..., Mfc, M G R. Thus for any n > 0, there exist > 0 and 
positive number e„ such that 


hk{gk+l{X ®Uo®Ui®---®Uk® v))\\Fi,,n 









= max |7fc(5'fc+i(A ® Mo ® Ml ® ® Mfc ® i^))| 

= max -—p= / 2;(7^5'fc+i(A ® Mo ® Ml 0 • • • ® Mfc ® M)iizo 

{zi,...,zi^)£j^^ 27r\/ 1 J\zo\=en 

< max | 5 'fc+i(A 0 Mo 0 Ml 0 • • • 0 Mfc 0 m)| 

{z-i_,...,Zk)eji'°\\zo\=en 

< max | 5 'fc+i(A 0 Mo 0 Ml 0 • • • 0 Mfc 0 m)| 

= ||5'fc+l(A 0 Mo 0 Ml 0 • • • 0 Mfc 0 v)\\F;,+i,m„- 

This inequality implies that 7 ^ is continuous. 

For A G G, Ml, • • •, Mfc, M G lA, by dehnition, 


5(fc+l(A 0 1 0 Ml 0 • • • 0 Mfc 0 m) 

= Lpkigki^ 0 Ml 0 • • • 0 Mfc 0 m)). 


Since F_i(l)A = A, 

7fc(5'fc+i(A 0 1 0 Ml 0 • • • 0 Mfc 0 m)) 

= 5ffc((h0l(l)A) 0 Ml 0 • • • 0 Mfc 0 m) 
= 5'fc(A 0 Ml 0 • • • 0 Mfc 0 m). 


So we have 


O- 


□ 


Corollary 1.3 The adjoint map 7 ^ o/ 7 fc satisfies 




* T 


(1.3) 


where 




: F, 


k-\-l 


is the adjoint of ipf, and Ip* is the identity on Ff. It is injective and con¬ 
tinuous. As a map from Ff to 7 fc(F^), it is also open. In particular, if we 
identify Ff with 'jl{Ff), the topology on Ff is induced from the one on F^_,_i. 


Proof. The identity (|1.3|) is an immediate consequence of the identity ([1.2|) . 
By this identity, we see that 7 fc is injective. The continuity of 7 fc is a con¬ 
sequence of the continuity of 7 fc. To show that it is open as a map from Ff 
to 7fc(F^), we need only show that its inverse is continuous. Let {tia}a&A 
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be a net in such that a&A is convergent in Since L*p^ is 

continuous, {Fp^i’^l^Ha))}a^A is convergent in F^. By the identity (|1.2|) , 

l-^a — ^Fki'ykil^Oi)) 

for a G y4. Thus {fia}aeA is convergent in F^, proving that the inverse of 7 ^ 
viewed as a map from F^ to jUF^) is continuous. □ 

We use (■, •) to denote the pairing between G and the algebraic dual space 
G* of G. Since V' <Z G and V G G*, this pairing is an extension of the pairing 
between V' and V denoted using the same symbol. With this pairing, G and 
G* form a dual pair of vector spaces. This dual pair of vector spaces gives 
a locally convex topology to G*. Since V' C G, the dual space G* can be 
viewed as a subspace of iV')* = V. We dehne 

Cfe : ®F^^G* CV 


by 

(A, efc(Mi 0 • • • ® Mfc ® n ® /i)) = 0 mi 0 • • • 0 ma: 0 'w)) 

for X E G, Ui,... ,Uk,v & V and fi G F^. 

We now assume that V is hnitely generated. The generators of V span 
a hnite-dimensional subspace X of V. We assume that the vacuum vector 
1 is in X. Any norm on X induces a Banach space structure on X. Since 
X is hnite-dimensional, all norms on X are equivalent, so that the topology 
induced by the norm is in fact independent of the norm. 

Since W is a hnite-dimensional Banach space and F^ is a locally convex 
space, 0 F^ is also a locally convex space. We denote the image 

0 Ffc*) of 0 F^ C 0 F^ under by Gk- 

Proposition 1.4 For any k > 0, Gk C Gk+i- 

Proof. By dehnition. 


(A, ek{ui 0 • • • 0 Mfc 0 n 0 p.)) 

= g,{gk{X 0 Ml 0 • • • 0 Mfc 0 n) 

= p(7fc(5ffc+i(A 0 1 0 Ml 0 • • • 0 Mfc 0 m)) 

= {'yl{fi)){gk+i{X 0 1 0 Ml 0 • • • 0 Mfc 0 m)) 

= (A, efc(l 0 Ml 0 • • • 0 Mfe 0 M 0 7fc(p))) 
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for X G G, Ui,... ,Uk,v ^ V and /r G F^. Thus 

ek{ui 0 • • • ® Mfc ® n ® /x) = efc(l 0 ui 0 • • • 0 u; 0 n 0 7fc(/x)) G Gk+i 
for A G G, Ml,..., Uk, V & V and fi G F^. □ 


Proposition 1.5 The linear map 

is continuous. 


Proof. By the dehnition of the locally convex topology on the tensor product 
X®(^+i)0F^, we need only prove that efc|x®(fc+i)®F* as a multilinear map from 
j 5 ^(S)(fc+i) X jr* Q* jg continuous. 

Let {{Xa, Pa)}a£A be a net in x Ff convergent to 0. Then the nets 

{Xa}a£A and {pajoeA are convergent to 0 in and Ff, respectively. 

For any hxed A G G, since is a hnite-dimensional Banach space, the 

linear map from to dehned by 

Ml 0 • • • 0 Mfc 0 M gkiX 0 Ml 0 • • • 0 Mfc 0 m) 

for Ml,... ,Mfc,M G X is continuous. Thus {gk{X 0 Xa)}aeA is convergent to 
0 in Ffc. In particular, there exists ag G A such that {gk{X 0 Xa)}a£A,a>ao is 
weakly bounded. Thus 


sup fia{gk{X 0 Xa/)) 

q'€A,q'>qo 


aeA 


is convergent to 0. 


or equivalently 


In particular, 

{Pai,gki,^ 0 Xq)) j‘agA,a>ao 

{Pai,gk{,^ 0 Xq)) j-agA 


is convergent to 0. Since 

(A, efc(dfa 0 fJjcf)') Pai^gkifX 0 dfa)), 

we see that {(A,efc(T’a 0 /ia))}aGA is convergent to 0 for A G G. By the 
dehnition of the topology on G*, {efc(T’a 0 pia)}a&A is convergent to 0 in G*. 
□ 


From Proposition 1.5, we conclude: 
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Corollary 1.6 The quotient space 


(A'®<‘+'>®F,-)/fe|x*«+..8F;)“‘(0) 

is a locally convex space. □ 

Since Gk is linearly isomorphic to 

the locally convex space structure on 

gives a locally convex space structure on Gk- Let be the completion of 
Gk- Then Hk is a complete locally convex space. 

Proposition 1.7 The space Hk can he embedded canonically in Hk+i- The 
topology on Hk is the same as the one induced from the topology on Hk+i- 

Proof. The hrst conclusion follows from Proposition |1.4| . 

To prove the second conclusion, we need only prove that the topology on 
Gk is the same as the one induced from the topology on Gk+i. We have the 
following commutative diagram: 

efc| 

Gk -^ Gk+i 

where 

fjk : 0 Ff 0 

is dehned by 


fjkiui® ■■■ ® Uk® V ® pi) = l®Ui®---®Uk®V®'^l{pi) 

for Ml,..., Mfc, u G X and p. E Ff. By Corollary |^, if we identify Ff with 
1ki^k)y the topology on Ff is induced from the one on F^+i- By the dehnition 
of the topologies on Gk and and the commutativity of the diagram 


12 





above, we see that the topology on Gk is the same as the one induced from 
the topology on G^+i. □ 

By Proposition pTTj we have a sequence of strictly increasing 

complete locally convex spaces. Let 

H=[jHk. 

k>0 

We equip H with the inductive limit topology. Then if is a complete locally 
convex space. Let 

G = U Gfc. 

k>0 

Then G is a dense subspace of H. Note that V C G <Z V. Since elements of 
V are hnite or inhnite sums of elements of V, elements of G are also hnite or 
inhnite sums of elements of V. Thus inhnite sums of elements of V belonging 
to G must be convergent in the topology on H. So G is in the closure of V. 
Since G is dense in H, we obtain: 

Theorem 1.8 The vector space H equipped with the strict inductive limit 
topology is a locally convex completion ofV. □ 

2 The locally convex completion and the ver¬ 
tex operator map 

In this section we construct continuous linear maps from the topological 
completion oi H ® H io H associated with conformal equivalence classes of 
closed disks with two ordered open disks inside deleted and with the standard 
parametrizations at the boundary components. 

We consider the closed unit disk centered at 0. We delete two ordered 
open disks inside: the hrst centered at z with radius ri and the second 
centered at 0 with radius r 2 - See the hgure below. 
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The positive numbers ri,r 2 and the nonzero complex number must 
satisfy the conditions r 2 + 2ri < 1 and r 2 < \z\ < 1. The three boundary 
circles are parametrized by the maps 


Jd 


Jd 


Jd 


Jd 


z + rie 
r2e^^ 


id 


We denote the resulting closed disk with two disjoint open disks inside 
deleted and with ordered boundary components parametrized as above by 
D{z;ri,r 2 ). Note that any closed disks with two ordered open disks inside 
deleted and with the standard parametrizations is conformally equivalent to 
D{z]ri,r 2 ) for some z E , and some positive numbers ri,r 2 satisfying 
r 2 + 2ri < 1 and r 2 < \z\ < 1. 

Let be the topological completion of the vector space tensor prod¬ 

uct H ® H. We would like to construct a continuous linear map 

VY{[D{z-n,r2)])-.Hm-^H 

associated with the conformal equivalence class [D{z-^ri,r 2 )] of Di^z'^ri^rj). 
We know that D{z-^ ri, rj) corresponds to the sphere C = C U {cxd} with the 
negatively oriented puncture cx), the ordered positively oriented puncture 0 
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and with the local coordinates w ^ 1/w^w^ {w — z)/ri and 'w/r 2 vanishing 
at cx), z and 0, respectively. In the notation of |[H6|| , the conformal eqnivalence 
class of this sphere with tnbes of type (1,2) is ( 2 ;; 0, (1/ri, 0), (l/r 2 , 0)) G 
K{2). Associated with this class, we have a linear map 

z/y ((z; 0, (1/ri, 0), (l/r 2 , 0))) = ■ -.V 

(see [^] ). We now show that this linear map can be extended to H®H, that 
the image of this extension is in H and that this extension is continnons. 
Then we define I/y([Zl(z; ri, r 2 )]) to be this extension. 

For any \ E G and u E V, we define an element u 0[D{z-,ri,r2)] A G Id* by 

(MO[D( 2 ;ri,r 2 )] A)(n) = ^ A(P„(F(rf ®w, ^)r 2 ^v)) 

= H A(P„(Q(rf^°^M,r2®n;^))) 

nei, 

for V E V. 

Proposition 2.1 The element n 0[_D(2;ri,r2)] A is in G. 

Proof. For any /c > 0, Mi,..., Mfc, v E V, 

'y ( (m ^[D(2;ri,r2)] A) (Pm(Q('Wl, • • • , '^fc, VZi, . . . , Zfc))) 
mez 

= ^ ^ A(P„(F (rf ^)r 2 ^°^Pm(Q(Ml, . . . ,Uk,V] Zi, . . . , Zk))) 

mGZ nGZ 

= T.T.HPn{Y{P°\z)- 

rriGZ nGZ 

■Pm(Q(?^2 ■ ■ ■, r2^^^Uk, r2 r2Zi ,..., r2Zk))). (2.1) 

Since the Z-grading of Id is lower-trnncated and since r 2 < \z\ < 1, for 
any {zi,... ,Zk) G there exists a positive nnmber ^2 > 1 snch that the 

Lanrent series in t 2 

X{Pn{Y (rf z)Pm{Q{rY^ui,..., rY^Uk, r 2 Zi,..., r 2 Zk))))tf' 

mGZ 

= Y,HPn{Yp'°’u,z). 

mGZ 

■Pm{tY^Q{rY^Ui,..., rY^Uk, r2Zi,..., r2Zk)))) 

= Y KPn{Y (rf ®M, z)Pm{Q{{t 2 r 2 )^^^^Ui, ..., (t 2 r’ 2 )^®Mfc, (^ 2 ^ 2 )^^°^^; 

mGZ 

t2r2Zi, . . .,t2r2Zk)))) 
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in ^2 has only finitely many negative powers and is absolutely convergent to 
A(P„(Q(rf . . . , {t 2 r 2 )^^^'^V] Z, t 2 r 2 Zi, ..., t 2 r 2 Zk))) 


when 0 < |t 2 | < ^ 2 - Since X E G and \z\ < 1, for any (zi ,... ,Zk) G 
there exists a positive number > 1 such that the Laurent series in ti 

A(Pn(Q(rf^°^M, r 2 ■ ■ ■, r^^Uk, r^^v, z, r 2 Zi,..., r 2 Zk)))t'l 

nez 


n£Z 


L(0) L(0) L(0) 

U,r2 Ml,... ,r2' 'Uk,r2' 


v;z,r2Zi,...,r2Zk))) 


n€Z 

tiZ,tir2Zi,.. .,tir2Zk))) 


is absolutely convergent when 0 < |ti| < Thus for (zi,..., Zk) E fhe 
iterated sum 


Y KPn{y (rf z)P^{Q{rY^Ui ,..., r^^Uk, rY^v; 

n£Z mGZ 

r2Zu...,r2Zk)))Kt^ (2.2) 


is absolutely convergent when 0 < |ti| < and 0 < |t 2 | < ^ 2 - 

The iterated sum of (|2.2|) gives a function of ti and t 2 in the region 
0 < |ti| < (5i, 0 < 1 ^ 2 ! < 52- It is clear that this function is analytic in ti and 
t 2 - Thus it has a Laurent expansion which must be 

^ X{Pn{Y{rP°\, z)Pm{Q{rY^Ui,r^'^Uk, rY^v, 

n^m£Z 

r2Zi,.. .,r2Zk))))t^t'^. 


Since this double sum is equal to the Laurent expansion, it is absolutely con¬ 
vergent and thus both iterated sums are absolutely convergent. In particular, 
when p = ^2 = 1, we see that the right-hand side of ( |2.1| ) and consequently 
the left-hand side of (|2.1|) are absolutely convergent when {zi,... ,Zk) E 
proving that u ^[Dp;ri,r 2 )] is in G- ^ 


For any / > 0, we define a linear map ai \ G ® ® Fi —> V* by 

(«i(A ® ui ® ® u; ® n ® z/))(m) 

= (m 0[D(^;ri,r2)] G(Vi <S> . . . <S> Vi ^ V (g> 1^)}. 

for X E G, Vi, ... ,vi,v E X, v E Fi and u E V. 
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Proposition 2.2 The image of ai is in G. 

Proof. For any k > 0, \ E G, Ui,.. . ,Uk,u, E V, vi,...,vi,v E X and 
e Ff, 

^{ai{X ® ni (g)... ® (g)n ® n)){Pn{Q{ui,.. .,Uk,u]Zi,.. .,Zk))) 

n£Z 

^ ^ {{PniQi'^1^ • • • 5 ^ 1 ? • • • 5 ^/c)) ^[-D(^;Fi,r 2 )] '^)5 

n€Z 

ei{vi ® ® 1 ?/ ® ® z^)) 

^ ^ ^(fl^/((-Pn(Q(^l5 • • • 7 • • • 7 ^k^^ ‘^[D{z;ri,r2)] '^) 

® ® <S}Vl ® 1 ?)) 

= EWE (-fn(Q('Z^l7 • • • 7 ^kt • • • 7 ^[-D(2;'ri, 7 * 2 )] '^) 

n€Z \m£Z 

• • • 7 ^/!^7 ^7 ^k-\-l') • • • 7 '^/c+z)))^ * (^* 2 ) 

By the definition of 

Pn{Q{ul, Zk)) 0[D{z ;Fl,r2)] -^7 

we have 

(-Pn(Q(^l7 • • • 7 ^k'j ^7 * * * 7 "^Zc)) ^[-D( 2 ;ri,r 2 )] '^) 

(-Pm(Q(^l7 * * * 7 ^Zc7 ^7 ^k+l'j • • • 7 '^Zc+z))) 

= y X{Pp{Y . . . , Wfc, m; 2 : 1 , • • • , 2:fc)), 2 :) • 

pez 

■■■,Vi,V, Zk+l, . . . , 2:fc+z)))) 

= y X{Pp{Y {Pn{Q{ri^^^ui,..., ri 2 ;i,..., riZk)), z) • 

pez 

... .r^Zk+i)))). 

(2.4) 

Using the associativity of vertex operators, we know that the element 
y y U(Pn(e(n ..., r[^^^Uk, ri^i,..., r^Zk)), z)- 

nGZ mGZ 

• • •, r2 r22:fc+i,..., r2Zk+i)) 
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in V is equal to 


Q( 


L(0) 

ri 'ui, 


MO) 


Uk,r^ 


^(0)., Mio) 




L(0) L(0) 

r2^ ’v] 


TiZi + z,..., nZk + 2:, 2:, r 2 Zk+i,..., r 2 Zk+i) 


when {zi, ...,Zk) G and {zk+i, • • •, Zk+i) G 

imply that 


This fact and (p.4|) 


EE (yPniQi^Ulj ■ ■ ■ y Uky u, Zi, . . . , Zk)) '^[D{z-,r\,r2)] •^) 

nSZ mGZ 

{Pm{Q{vi, ...,Vk,v; Zk+1, ..., Zk+l))) 


is convergent absolutely to 

rizi + z,..., riZfc + 2:, 2;, r2Zk+i, • • •, r22:fc+i))) 
when (^1,..., G and ■ ■ ■, Zk+i) G Since A E G, 

pez 

rizi + z,..., riZk + 2;, r2Zk+iy • • •, r2Zk+i))) 

is absolutely convergent when (2:1,..., 2:^) G and (2:^+1,..., Zk+i) G Ml^^. 
The arguments above prove that the iterated sum 

E E E KPp{^ (Pn(Q(n^°^Mi,..., r[^^\ky riZi,..., riZk)), z)- 


p£Z nGZ mGZ 


■PmiQ{r2^^''vi,..., r2^^^vi, r2 r2Zk+iy • • •, r2^fc+0))) 


is absolutely convergent when ( 2 : 1 ,..., 2 :^) G and {zk+i, ■ ■ ■, Zk+i) G 
The same method as in the proof of Proposition El shows that in fact the 
corresponding triple sum is absolutely convergent and thus all the iterated 
sums are absolutely convergent and are all equal when {zi,... ,Zk) G 
and ( 2 :^+ 1 ,..., Zk+i) G So 

E E E KPpiP {PniQin^^^Ui,..., ViZi,..., ViZk)), z)- 

nEZ mEZ pEZ 

■Pm{Q{r2^^^vi,..., r2Zk+i,r2Zk+i)))) 

= EE {PniQiUi, . . . , Uk, 'll, Zi, . . . , Zk)) ^[D(2:;ri,r2)] '^) 

n£Z mGZ 

{PmiQivi, ...,Vk,v; Zk+l, • • •, 2;fc+i))) 
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is absolutely convergent when (zi,..., G and (^fe+i,..., z^+i) G 
By ( p.3|) , we see that the left-hand side of (|2.3|) is also absolutely convergent 
when {zi,...,Zk) G and {zk+i, • .., G proving that 

a/(A ® vi ® ® vi ® V ® v) 

is indeed in G. □ 


By Proposition 




^ ai{\ ®Vi® . . .®Vi®V ® v){Pn{Q{ui, . . . ,Uk,U]Zi, . . .,Zk))) 
nez 


is absolutely convergent and the sum is equal to 


gk{ai{\ ® Vi ® ... ® vi ® V ® u) ® Ui ® ■ ■ ■ ® Uk ® u) e Fk- 


We dehne an linear map 


: F: 


k+l+l 


by 


{Pk,l{^^, z^))(5'fc+«+i(A ®ui® ...® Uk+i ® u ® vi ® ■ ■ ■ ® vi ® v)) 

= g,{gk{ai{X ® vi ® ... ® vi ® v ® u) ® ui ® ■ ■ ■ ® Uk ® u)) 

for A G G, Ml,. .., Uk, u,Vi,. .. ,vi,v G V, /i G and u G Fi*. In fact this 
formula only gives a linear map from ®Fi* to the algebraic dual of Fk+i+i. 
We have: 

Proposition 2.3 The image of the map Pk,i is indeed in and the map 

Pk,i is continuous. 

Proof. To avoid notational confusions in the proof, we use F^, k > 0, to 
denote the space Fk whose elements are viewed as functions of ((^i,..., (k) ^ 
Similarly we have the notation Ff, I > 0. Let g. E Ff and u G Ff. For 
any A G G, Mi,..., Uk, u, vi,..., vi, v E V, we have an element 


g{zi ,..., Zk+i+i) = gk+i+i{X ®ui® ...® Uk+i ® u ® vi ® ■ ■ ■ ® vi ® v) (2.5) 
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of By definition 

, Zk+i+i))\ 

= |(/?fc,/(/i, Tz)){gk+i+i{\ ®ui® ...® Uk+i ®u®vi®---®vi (8)n))| 

= \gi{gk{ai{\ ® Vi® ... ® vi®v ® v) ® Ui® ■ ■ ■ ®Uk® u))\. (2.6) 

We now view 

9k{o:i{X ® Vi ® ... ® vi ® V ® u) ® ui ® ■ ■ ■ ® Uk ® u) 
as an element of F^. Then 

gk{ai{X ® Vi ® ... ® vi ® V ® u) ® ui ® ■ ■ ■ ® Uk ® u) 

= ®vi®...®vi®v® u)){Pp{Q{ui ,..., Mfc, m; Cl, • • •, Ck))) 

pez 

'y ' • • • , U, Cl, • • • , Cfc)) ^[D(2:;ri,r2)] •^) 

pGZ 

®vi® ■■■®vi®v)). (2.7) 

For fixed Ci, • • •, Cfc, we view 

gi{{Pp{Q{Ui, . . . , Mfc, M; Cl, • • • , Cfci)) 0 [D(z-,ri,r 2 )] X)®vi®---®vi®v) 
as an element of Fi . Then by dehnition we have 

9l{{Pp{Q{ui, . . . , Mfc, M; Cl, • • • , Cfci)) 0[D{z-,rr,r2)\ X) ® Vi ® ■ ■ ■ ® Vi ® v) 

pez 

^ ^ 'X PyjQi'^li • • • , '^ki U, Cl, • • • , Cfci)) ^[D(2;ri,r2)] •^) 

pGZ gGZ 

{Pq{Q{vi,... ,vi,v,gu ... ,gi))) 

= E E E A(P,(y (rf<">Pp(Q(«i,Ml,«; Cl, ■ 

pGI,qGI,j£Z 

■rY^Pq{Q{vi, gi)))) 

= YYY HPjiY {Pp{Q{rY^ui ,..., riCi, ■ ■ ■, riCfcJ), z) ■ 

pGZqGZjeZ 

■PqiQirY^Vi, • • •, rY^vi, rY^v; r2gi ,..., r2gi)))). (2.8) 

We now calculate the right-hand side of (p.8| ). For any nonzero complex 
numbers to, ^i, ^ 2 , 

Y KPjiP (PpiQirY^Ui,rY^Uk, nCi, • • •, nCfeJ), z)- 
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■Pq{Q{r2^'^^'Vi, • • •, r2Vi, ■ ■ ■, r2Vi))))tUit2 


p.ijjez 


^iCi,---,nCfci)),^) • 

■ • • •, ^^2 r2Vi, • • •, ^ 2 ?]/)))) 


p>ijjez 

^O^l’^lCl, • • • ,^o^i’^iCfci)),to2:) • 

■ ■ ■ , (to^2ri)'^^°^Vz, {tot2ri)P^'^V] 

tot2r2Vi,---Pohr2Vi))))- (2-9) 

By the associativity of vertex operators and the dehnition of the map gk+i+i, 
there exists real numbers ^O) <^2 > 1 such that the right-hand side of (p.9|) 

is convergent absolutely to 

gk+i+i{\ ® {totiri)P^'^Ui ® • • • ® ® {totiri)P^'^u^ 

itot2ri)P°\i ® • • • ® itot2ri)P^^vi ® 

( 2 . 10 ) 

when 0 < to < <5o, 0 < ti < 5i and 0 < ti < 5i. In particular, when 
to = h = h = 1, we see that (|2.10|) is equal to and thus the right-hand side 
of (p.8|) is convergent absolutely to 


gk+i+i{^ ® Ti^^^ui ® • • • ® ® ®--- 

\zi=z+ri(;i,i=l,...,k,zk+i=z,zk+i+j=r2rij,j=l,...,r 




( 2 . 11 ) 


Hence for fixed (Ci, • • •, Cfc) ^ ^<i) (P-ll|) as a function of gi,... ,gi is an 
element of . We denote this element by fg-(;i,...,CkiViy ■ ■ ■ yVi)- 

We now view fi and u as elements of (Ff)* and respectively. Since 

u is continuous, by the calculations above, we have 

^ 2 ( 4 ci,...,a(hi,---,h«)) 

~ dliiPpiQi'^li ■ ■ ■ 1 '^ki U, ((^1, . . . , Cki)) '^[D{z-,r\,r2)] '^) 

VpGZ 


21 







® ® ® v) 


^ ^ ■ ■ ■ ■> '^ki C 15 ■ ■ ■ 1 Cfci)) ^[D{z\r\,r2)\ '^) 

p&I. 

<S)Vi <^ ■ ■ ■ <S) vi v)). ( 2 . 12 ) 

By the calculations from ( |2.ti| ) to ( ^.12^ , we see that 


and we obtain 


l(A,/(/i, u)){g{zi,..., Zk+i+i))\ 


(2.13) 


For g{zi,..., Zk+i+i) € Fk+i+i not of the form (|2.5|) , we use linearity to dehne 
the functions /g;Ci,...,Cfe(hn ■ ■ ■ ,Vi)- Then (|2.13|) holds for ajoy g{zi,..., Zk+i+i) e 

Fk+i+i- 

From the dehnition of (hii ■ ■ ■ 5 hz); we see that for any hxed {(i,... Xk) £ 

the linear map from F)._|_;+i to F[^ given by 


for g G Ffc+i+i is continuous, and for any hxed u G {F^)*, the linear map 
from Fk+i+i to F^ given by 

g^i^{fg-,a,...,Ckivi,---,vi)) 

is also continuous. Thus by ( p.l3|) , continuous. So the elements 

of image of Pk,i are in F^i+i- 

From the dehnition of fg-(i,...,CkiViy ■ ■ ■ yVi)^ we see that given any weakly 
bounded subset B of Fk+i+i, the subset 

= . 

for hxed (Ci, ... Xk) ^ is weakly bounded, and thus for any net {iZajaeA 
convergent to 0 in (F)^)*, there exists ao E A such that the subset 

B"{{^a}aeA) = Xa{fg-,<;i,...,cXVi, ■ ■ • ,hz)) | ^ G B, tt > Oq} C Ff 
is also weakly bounded. 
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Now let {(/ia, i^a)}aeA be a net convergent to 0 in {F^)* x Then the 

nets {i^ajaeA and {iya}a£A are convergent to 0 in (F^) and respectively. 

Thus by (|2.13|) and the discussion above, 


S^Pgizu...,Zk+l+i)eB ■ ■ ■ , Zk+l+l))\ 

- ®’^P/*{Civ-,4)eB"({i'c«}c«6A) l/^«(^(Ci, ■ ■ ■ 5 Cfc))l 


(2.14) 


when a > a^. By the dehnition of the topology on F^, the net on the right- 
hand side of ( p.l4|) is convergent to 0. Thus the net on the left-hand side of 
(|2.14|) is convergent to 0, proving the continuity of the map PkiM- 


Let 


hi 


'Uk®u®g)eGk 


and 


^2 = ei{vi ® ■ ■ ■ ®vi®v ® v) e Gi 
where Ui,..., Uk, u, Ui,..., U;, u G X, p G F^ and fi G F*. We dehne 

(z7y([T)(2;;ro,ri,r2)]))(hi ® ^ 2 ) 

= ek+i+i{ui /3k,i{g-, k'))- 


Note that any element of Gk or Gi is a linear combination of elements of the 
form hi or h 2 , respectively, given above, and that k and I are arbitrary. Thus 
we obtain a linear map 

z7y([T)(^;ro,ri,r2)])|^^g :G®G^G. 


Proposition 2.4 The map z/y([Zl(z;ri,r 2 )])is continuous. 

Proof. From the dehnition of z7y([/^(z;ri,r 2 )])we see that for any 
k,l > 0, 

UY{[D{z;ri,r2)])){Gk ® Gi) 

is in Gk+i+i. To prove that T'y{[D{z] ri, ''" 2 )]) continuous, we need only 

prove that for any k,l >0, it is continuous as a map from Gk®Gi to Gk+i+i. 
Since the topology on Gk and Gi are dehned to be the quotient topologies on 

(X®<‘+'>0U’)/felx»+o®F;)“‘(O) 
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and 


(.Y®IW>0F,•)/(<:,Ix~+.)8f;)“‘(')). 

respectively, we need only prove that the map 

(l7y([L)(^;ri,r2)])) o (efc|x®(fc+i)®F* eilx^a+D^p*) ■ 

^X^ik+i) ^ ^ ^ p*^ ^ 

is continnons. On the other hand, by dehnition, 

{uY{[D{z;r 1X2)])) ° (efc|x®(''+i)®F* ^ ^i\xz>(‘+i-)^F*) 

= ^k+l+l\x'»(k+l+2)!^F*_^_^^^ ° {IxZ>(k+‘+i) ® Pk,l) ° <^ 23 ! 

where Ixe>(k+i+i) is the identity map on and 

^23: ® ® ^ ® f; (8) f; 


is the map permnting the second and the third tensor factor, that is. 


(723 (‘b’l ® jJ,® X2®p) = Xi® X 2 ® ^®F 

for Xi e /i G F^*, ^”2 G and u G F^*. Since the topology on 

Gk+i+i is dehned to be the qnotient topology on 


we need only prove that the map (Ix'^ik+i+i) ® Pk,i) ° <723 is continnons. Bnt 
Ix^ik+i+i) and (J 23 are obvionsly continnons and Pk,i is continnons by Propo¬ 
sition p73|. So (Ix<g,(k+i+i) ® jSk^i) o (T 23 is indeed continnons. □ 


Since G is dense in H, we can extend {uY{[D(z;ri,r 2 
map I 7 y([F( 2 ;; ri, r 2 )]) from H®H to H. 


G(S)G 


to a linear 


Theorem 2.5 The map FY{[D{z]ri,r 2 )]) is a continuous extension of 

^ y {{ z ] 0 , (l/ri,0), (l/r2,0))) 
to H®H. That is, I7y([F(®;ri,r 2 )]) is continuous and 

I7y([F(®;ri,r2)])|^^^ = z/y ((2; 0, (l/ry 0), (l/r2, 0))). 
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Proof. The continuity of VY{[D{z-,ri,r 2 )]) follows from the dehnition and 
Proposition p.4| . 

For any mi, ..., rrik € Z, let be an element of Ff dehned by 


^ I 


■■ ■®Uk®u)) 

^ i 


mi mfe 


27rv^—1 f\zi\=€i 27T\/—1 J\zk\=ek 

■gk{\ ® Ui ® ■ ■ ■ ® Uk ® u)dzk ■ ■ ■ dzk 


for A G G, Ui,... ,Uk,u G V, where ei,...,efc are arbitrary positive real 
numbers satisfying ei > • • • > e^. Since V is generated by X, elements of the 
form 

ek{Ui ® ■ ■ ■ ®Uk®U® 


k > 0, Ml, 

Let 


, Mfc, M G X and mi, ..., ruk G Z, span V. 


hi = Ckiui ® ■ ■ ■ ®Uk®U® 


and 


h 2 = eiiyi® ■ ■ ■ ®Vl®V ® /ini,..,ni) 


be two such elements of V. Then 


(A, (iyY(lD(z;ri,r2)]))(hi ® ha)) 

= (A, ek+i+i(ui ® ■ ■ ■ ®Uk ®u 

®Vi ® ' ' ' ® Vi ® V ® fdk^l (p-mi 1 Pni,...,ni ) ) ) 

= (dk,l{Pmi,...,m^.-i Pni,...,ni) 

{gk+l+l{X ® Ui ® ■ ■ ■ ® Uk ® U ® Vi ® ■ ■ ■ ® Vi ® v)) 

= Pmi,...,mk{gk{<yi{X ®Vi® ■ ■ ■ ®Vl®V ® ® Ui ® ■ ■ ■ ® Uk ® u)). 

(2.15) 


As in the proof of Proposition |2.3|, to avoid notational confusions, we view 

gk{0Ll{\ ®Vi®---®Vl®V® /ini,..,n,) ® Ui ® ■ ■ ■ ® Uk ® u) 


as an element of and 


gi{{Pn{.Q{Ui, . . . , Mfc, M; Cl, ■ ■ ■ , Cfc)) 0[D(z-,ri,r2)] X) ® Vi ® ■ ■ ■ ® Vi ® v) 
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as an element of Fi . We also view and as elements of {F^y 


and {Fpy, respectively. Then the right-hand side of (|2.15|) is eqnal to 


® ® ® n; ® n (g) /ini,...,n,) 

\n€Z 


{Fni^Qi^Ul, . . . , Mfc, M, (^1, . . . , Cfc)))) 


( X! hni,...,n( {9l{{Pn{Q{Ul, . . . , Uk, U, , Cfc)) ^[D(2:;ri,r2)] -^) 

VnGZ 


® ® n/ ® n)) 


^ ^ ^ • • • , Mfc, It, , Cfc)) ^[D(2;;ri,r2)] •^) 

VnGZ VmGZ 

(F,^(Q(ni,...,nz,n; 77 i,...,r 7 z))) 


VmGZ pGZ 

, Wfc, W, Cl; • • • ; Cfc)); 

..., n; 771 ,..., r/;))) ) 


cr---Ci 


mj. 

A: 




1 / _ 1 

27r\/^ XiN^i 27r\/^ IjCfeN^fc 

.Y,^=i - 

^27rV^/ki|=<5i 27rv^/|»?i|=<5i 

■ X X A(P,(rXV(P„(Q(ni,..., n; Ci, • • •, Cfc)), 

m€Z pGZ 

Pm{Q{vi, K|, k; 1 ) 1 ,.... iji))) 

E E EA(P,(rf<“V(P„(Res,. ■ • ■ Res,,xT' ■■■xf- 

nGZ mGZ p€Z 

■V (ui,Xi) ■■■¥ (uk, Xi)u), z)r 2 ^°^ ■ 

■Fn(ReSy^ ■ ■ ■ Resy;7/i 1 ■ ■ ■ y^Vivi, yi)---V (vi, yi)v)) 

XA(Pp(y(rXXi,z)rX^h 2 )) 
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(2.16) 




m, 


From (|2.15|) and ( p.l6|) , we get 


{uY{[D{z;ri,r2)])){hi O /is) 

= y(rf^°^/ii,z)r2®/i2 

= {I'Yiiz-, 0, (1/ri, 0), (l/r 2 , 0))))(/ii ® /is), 
proving the theorem. □ 


3 A locally convex completion of a finitely- 
generated module and the vertex operator 
map 

In this section, we discuss modules. Since the constructions and proofs are 
all similar to the case of algebras, we shall only state the results and point 
out the slight differences between the constructions and proofs in the case of 
modules and those in the case of algebras. 

Let V be a Z-graded finitely generated vertex algebra satisfying the 
standard grading-restriction axioms and W a C-graded finitely-generated Id- 
module satisfying the standard grading-restriction axioms, that is, 

W=U MV). 

nGC 

dimhF(„) < oo, 

n G C and 

W{n) = 0 

for n G C whose real part is sufficiently small. Let M be the finite-dimensional 
vector space spanned by a set of generators of W. As in Section 2, we assume 
that X is a finite-dimensional subspace containing 1 of Id spanned by a set 
of generators of Id. 

We construct spaces and , k > 0, and their duals in the same 
way as the constructions of G and F*,, k > 0, and their duals in Section 2, 
except that Id* is replaced by W*, n G Id is replaced by tc G Hd and the 
vertex operator map Y for Id are replaced by vertex operator map IV for 
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the module W. We also define linear maps g^, ipw, 7 ^, e^, /c > 0, and 
linear maps induced from them in the same way as in the definitions of gk, 
t-Fk, Ik, Cfc, k > 0, and induced linear maps in Section 2, except that the 
spaces are replaced by the corresponding spaces involving W and M. 

For k >0, is a linear map from 1/®^ ® hF ® (F^)* to Let 

and 

G'^ = U Gf. 

k>0 

As in the case of G and H, the spaces and (G'^)* form a dual pair of 
vector spaces and thus we have a locally convex topology on (G'^)*. As in 
Section 2, we have: 

Proposition 3.1 For any k > 0, the linear map 

ejf lx».®M®(F-). ■ 0 M 0 (F«'r ^ (G«'r 

is continuous. In particular, 

0 M 0 [F^YKef Lv»®M8(f,»').)“"(0) 
and GY is a locally convex space. □ 

For /c > 0, let HY be the completion of GY and 

H^=lj HY. 

k>0 

Then HY , k > 0 , are complete locally convex space. 

Proposition 3.2 For k >0, HY can be embedded canonically in HYi ctnd 
the topology on HY is induced from the topology on HYpi ■ Q 


Theorem 3.3 The vector space equipped with the strict inductive limit 
topology is a locally convex completion of W. In particular, G^ is dense in 
H^. □ 



Next we extend the map 

lV(n : V" ® W" ^ TF 

associated to [D{z]ri,r2)] to a linear map VYy^ri\D{z-^ri,r2)\) from 
to H^. 

We define u j.^)] A G W* for A G and u E V, the maps 

® X' ® W ® (F^)* G, 

I > 0, and 

PZ : ® {F^y ^ (F^Yi+iT: 

k,l > 0, in the same way as in the dehnitions in Section 3 of u 0[Y>{z-ri,r2)] ^ ^ 
V* for A G G and u E V, the maps 

ar.G^ ® ® f; ^ 


l > 0, and 


Pk,i : F: 




k,l > 0. (Note that the image of is in G, not in G^. This is the reason 
why the domain of is F^ 0 not (F^)* 0 (F;'^)*.) 

Let 

hi = ek{ui® ■ ■ ■ ®Uk®u® y) E Gk 


and 

h2 = eY {vi ® ■ ■ ■ ® vi ® w ® v) E GY 
where Mi, ..., u,Vi, ... ,Vi E X, w E M and p G F^, z/ G {FYY- Dehne 


{^Ywi[D{z;ro,ri,r2)])){hi ® ha) 

= eY+i+iiui ®---®Uk®U®Vi®---®Vi®W® PYiih: Y)- 

Note that any element of G^ or GY is a linear combination of elements of 
the form hi or /i 2 , respectively, above, and that k and I are arbitrary. Thus 
we obtain a linear map 

:G<SG"' -z G"'. 


Proposition 3.4 The map z/y^([F(; 2 ;ri,r 2 )]) q^qw is continuous. □ 
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By this proposition and the fact that G and are dense in H and , 

respective!, we can extend to a continuous linear 

map ^7Yy^,{[D{z;rl,r2)]) from H®H^ to H'^. 

Theorem 3.5 The mapVYw{\D{z-,ri,r 2 )\) is a continuous extension of 

:V(^W 


to H®H^. □ 
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